During the past decade, theory and experiments have provided clear evidence that specific helical patterns of charged groups and adsorbed (condensed) counterions on the DNA surface are responsible for many important features of DNA-DNA interactions in hydrated aggregates. The effects of helical structure on DNA-DNA interactions result from a preferential juxtaposition of the negatively charged sugar phosphate backbone with counterions bound within the grooves of the opposing molecule. Analysis of X-ray diffraction experiments confirmed the mutual alignment of parallel molecules in hydrated aggregates required for such juxtaposition. However, it remained unclear how this alignment and molecular interactions might be affected by intrinsic and thermal fluctuations, which cause structural deviations away from an ideal double helical conformation. We previously argued that the torsional flexibility of DNA allows the molecules to adapt their structure to accommodate a more electrostatically favorable alignment between molecules, partially compensating disruptive fluctuation effects. In the present work, we develop a more comprehensive theory, incorporating also stretching and bending fluctuations of DNA. We found the effects of stretching to be qualitatively and quantitatively similar to those of twisting fluctuations. However, this theory predicts more dramatic and surprising effects of bending. Undulations of DNA in hydrated aggregates strongly amplify rather than weaken the helical structure effects. They enhance the structural adaptation, leading to better alignment of neighboring molecules and pushing the geometry of the DNA backbone closer to that of an ideal helix. These predictions are supported by a quantitative comparison of the calculated and measured osmotic pressures in DNA.
I. Introduction
Direct interactions between DNA double helices are necessary for the packaging of DNA in cells 1 and viruses, 2 ejection of DNA by viruses, [3] [4] [5] and the functioning of novel DNA-based "smart" materials. 6, 7 They could also play an important role in genetic recombination. [8] [9] [10] [11] Because DNA is highly charged, it was presumed from early on that interactions between DNA double helices should be dominated by electrostatics. [12] [13] [14] Forces measured between DNA double helices were indeed found to be consistent with electrostatic interactions predicted for wormlike, homogeneously charged chains, but not in the last 2 nm of surface-to-surface separation. 15, 16 Because the latter distance range is the one most relevant for biology and the one in which the most interesting phenomena are observed, interpretations of these forces are still hotly debated. 17, 18 In a review of different theories and experiments, we argued that the short-range forces between DNA molecules are of electrostatic origin. 18 A rigorous theory of electrostatic DNA-DNA interactions must account not only for the net charge of the molecules but also for the helical patterning of fixed molecular charges, preferential binding and the resultant patterning of counterions, and thermal fluctuations and correlations in these charge patterns. 18, 19 These resulting interactions between DNA molecules may be crudely separated into three components. The net charge of the molecule leads to net-charge repulsion, which may be approximated as an interaction between homogeneously charged cylinders. Discrete patterns of phosphate and counterion charges lead to image-charge repulsion from dielectric cores of neighboring molecules, which is severely underestimated and often omitted in homogeneously charged cylinder approximations. 20 , 21 Correlated alignment of positive and negative charges on opposing surfaces results in an attractive electrostatic force. Many DNA counterions preferentially bind in grooves between the negatively charged phosphate strands, 22 resulting in an "electrostatic zipper" attraction caused by zipper-like alignment of the negatively charged phosphate strands with positively charged grooves on neighboring molecules. 23 This attraction is particularly salient in cases of biologically important, polyvalent counterions such as spermine and spermidine that exhibit strong preferential binding in the major groove of DNA. 18, 22 A theory of interactions between ideal, rigid, DNA-like helices predicted that electrostatic zipper attraction and imagecharge repulsion may be important for many observed phenomena. For instance, they may contribute to DNA condensation by counterions, 18, 21, 23 the B-to-A transition in dense DNA aggregates, 24 and the formation of the cholesteric phase in more hydrated aggregates. [25] [26] [27] [28] However, real DNA molecules are neither ideal nor rigid helices. They twist, stretch, and bend because of sequencedependent variations in the geometry of base pair stacking, 29 and because of thermal motions. [30] [31] [32] These intrinsic and thermal fluctuations in the double helix structure may affect DNA-DNA interactions, for instance, by disrupting the energetically favorable zipper alignment. Conversely, the interactions may suppress the fluctuations and induce an adaptation of the molecular structure toward a more favorable alignment. Calculations of twisting fluctuations and torsional adaptation have revealed a complex balance of forces, geometry, and motion, which cannot be neglected. [33] [34] [35] In particular, the sequence-dependent intrinsic fluctuations may be responsible for sequence homology recognition between intact, double helical molecules. 10, 36, 37 Full understanding of the balance among DNA structure, flexibility, fluctuations and interactions requires a comprehensive statistical-mechanical theory, in which all of these factors are treated on the same footing. So far, only twisting fluctuations were analyzed in this context. 34, 35 We argued that stretching fluctuations should affect interactions between DNA molecules in the same way as twisting, but this was not rigorously proven. 18 The effects of bending fluctuations on DNA-DNA interactions were explored in the past by others 15, [38] [39] [40] [41] [42] but only within models in which the helical structure of DNA was neglected and the surface charge density was presumed to be uniform.
In the present study, we develop a theory incorporating all of these fluctuations (intrinsic and thermal), helical patterns of discrete surface charges, and structural adaptation of DNA to intermolecular interactions. We demonstrate that the effects of twisting and stretching fluctuations and adaptation are indeed similar and show how they combine (this had been shown previously in ref 43 for intrinsic fluctuations only), confirming our previous estimates. 18 The effect of undulations turns out to be more dramatic and less intuitive. In particular, thermal undulations of DNA may enhance rather than disrupt the longrange alignment of phosphate strands, pushing the molecules toward a more ideal helical conformation rather than the other way around. Moreover, they may amplify the interactions associated with the helical structure of DNA by up to 2 orders of magnitude. We also find the predictions of the current theory to be quantitatively consistent with the measured osmotic stress isotherms in DNA aggregates.
Although subtle, the underlying physics of the phenomena we consider here is quite clear. However, the comprehensive statistical mechanics of the interplay between fluctuations, helical structure, and DNA-DNA interactions require fairly cumbersome "helical" algebra and field-theoretical methods. Thus, in the main text we review the basic concepts of the theory (Model and Methods), present its most important predictions (Results), compare them with experimentally measured osmotic stress isotherms of DNA aggregates (Comparison with Experiments), and then interpret and summarize our findings (Discussion). All derivations and auxiliary formulas are described in the Supporting Information.
II. Model and Methods
II.1. DNA Geometry and Mechanics. Figure 1 schematically illustrates the definitions for the lateral displacement r µ , axial rise per base pair h µ , and azimuthal orientation of the double helix φ µ that are affected by bending, torsional, and stretching fluctuations of each molecule µ in a hexagonal aggregate.
To describe the elastic energy associated with these fluctuations, we utilize the elastic rod (ER) model 44, 18 Here τ and 〈h〉 are the contour length and average rise per base pair along the DNA centerline, h µ ≡ h µ (τ) and Ω µ ≡ Ω µ (τ) are the actual base pair rise and twist along the centerline, and h µ 0 ≡ h µ 0 (τ) and Ω µ 0 ≡ Ω µ 0 (τ) are the intrinsic base pair rise and twist at zero stress. The elastic moduli B, C s , and C t correspond to bending, stretching, and twisting deformations, respectively. Since we are interested in small distortions, we neglect any potential dependence of the elastic moduli on τ. We also assume that the intrinsic curvature of the helix can be neglected compared to thermal fluctuations since the intrinsic bending persistence length 32, 45 (∼4000 Å) is much larger than the thermal one (∼500 Å). On the other hand, one should note that 
nucleotide sequences with more than three A-T bases in a row can introduce significant intrinsic curvature. 46 However, a systematic incorporation of this additional effect would significantly increase the complexity of the analysis with little benefit for facilitating understanding of the underlying physics.
II.2. Helical Phase of DNA. The alignment of phosphate strands on opposing molecules µ and ν is described simply by the difference in azimuthal orientations of these molecules φ µ (τ) -φ ν (τ). However, for the purpose of our analysis, it is more convenient to describe each molecule with its helical phase Φ µ (τ) defined as 43 where g j ) 〈Ω〉/〈h〉 is the mean reciprocal pitch of DNA (〈Ω〉 is the average twist between adjoining base pairs). In an ideal, straight helix Ω and h do not depend on τ and Ω ) g jh, so that Φ µ (τ) ) φ µ (0) simply describes the azimuthal orientation of the helix at the selected coordinate origin (τ ) 0). In general, Φ µ (τ) -φ µ (0) defines the deviation of the azimuthal orientation of the molecule, at any point τ along its centerline, from that of an ideal helix with the same mean reciprocal pitch and the same azimuthal orientation at τ ) 0. Mutual alignment of molecules µ and ν may thus be described by the difference in their helical phases, II.3. Helical Coherence. Isolated DNA Molecules. The ability of neighboring molecules to retain the alignment of phosphate strands over a long juxtaposition length is determined by fluctuations in their helical phases. Helical phase fluctuations of an isolated DNA molecule over long sequences (τ′ -τ . h) may be approximated by simple random walk correlations 43, 47 where λ c is the helical coherence length measured along the centerline of DNA. The helical coherence length defines the length over which the DNA conformation remains close to that of an ideal helix.
Intrinsic helical phase fluctuations are caused by the sequence dependence of both the intrinsic twist angle Ω and axial rise h between adjoining base pairs. From NMR structures of DNA oligonucleotides in solution and X-ray diffraction of hydrated DNA fibers, we estimate the corresponding intrinsic helical coherence length λ c (0) of DNA as 43 λ c (0) ≈ 150 Å. Thermal twist and rise fluctuations do not alter the functional form of eq 4, but they alter the value of the helical coherence length, as discussed in the Results (λ c and λ c (0) are related by eq 27). Bending fluctuations (intrinsic or thermal) do not affect λ c defined with respect to the curved centerline of the molecule.
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Hexagonal Aggregates of DNA. For molecules confined in a hexagonal aggregate, the description of helical phase fluctuations becomes more complex. First, analysis of intermolecular correlations requires all geometric parameters to be defined in a global reference frame. However, provided that displacements r µ of the centerline of each molecule from the straight, mean axis are small, the twist and rise fluctuations, as well as the helical coherence length, in the global reference frame may be approximated by their values along the curved centerline (see Supporting Information). Hence, hereafter we simply replace the centerline coordinate τ with the z coordinate in the global reference frame (Figure 1) .
Second, if the molecules were infinitely rigid and their structures did not adapt to intermolecular interactions, the maximum juxtaposition length over which they could retain the alignment of the phosphate strands would be ∼λ c . The helical phases of longer molecules would be completely uncorrelated, resulting in a loss of the attractive contribution to the electrostatic interaction energy, associated with the favorable alignment apposition of negatively charged phosphate strands and positively charged grooves (Figure 1c) . But, because DNA is not infinitely rigid, electrostatic interactions affect the structure and fluctuations of the molecules.
33, 34 The resulting structural adaptation alters the pair correlation function of helical phase fluctuations for each molecule as described in the Results.
II.4. Aggregate Energy. To calculate how torsional, stretching, and bending fluctuations affect DNA-DNA interactions in a hexagonal aggregate, we approximate the total energy of DNA molecules in the aggregate by 49 Here N is the number of molecules in the aggregate, E µ ER is the elastic rod energy of each molecule µ, given by eq 1, E µ,ν ST is the energy of steric interaction associated with hard-core collisions between molecules µ and ν, described within a model proposed in refs 50 and 51 (eqs S.1 and S.2 of the Supporting Information), and E µ,ν EL is the electrostatic energy of pair interactions between molecules µ and ν, given by eqs 6-11 below. The summation of E µ,ν
ST and E µ,ν EL is performed over all nearest neighbor pairs, assuming that the electrostatic screening length is sufficiently short to prevent significant contributions from interactions between distant pairs. Finally, E / EL accounts for the deviation from pairwise additivity due to nonlinear effects. These effects become important at large interstitial electrostatic potentials in dense aggregates and are described by eqs 14-17 below. We select isolated, straight molecules (R µ -R ν f ∞, r µ ) 0) as the reference state for the energy (E DNA ) 0).
Electrostatic Pair Interaction Energy. For small fluctuations and sufficiently slow variations in |r µ -r ν | and Φ µ -Φ ν with z, the electrostatic pair interaction energy may be approximated by
) is the length of the helices, k B is Boltzmann's constant, T is the absolute temperature, and κ -1 is the effective screening length in the aggregate. For an isolated pair of molecules, or at a very large spacing between neighboring molecules in the aggregate, κ -1 ) κ D -1 ≡ λ D is the Debye screening length. However, with decreasing spacing between neighboring molecules, the effective screening length in the aggregate also decreases (see eqs 14 and 15).
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The pair interaction potential u(κ,R,∆Φ) describes the interaction between two parallel, ideal helices with an interaxial
distance R and relative azimuthal orientation ∆Φ. Deviations away from ideal helical geometry affect this interaction energy through the dependence of R and ∆Φ on z. For a more detailed discussion of the limits of this approximation see ref 18 . One should note that the helical phase, as it appears in eq 6, has been defined globally with respect to the z-axis (along the direction of the mean axis of the molecules). The pair interaction potential u(κ,R,∆Φ) where δ n,m is the Kronecker delta (δ n,m ) 1 at n ) m and δ n,m ) 0 at n * m), is approximated by the sum of the first three helical harmonics (n ) 0, 1, 2) 53 of direct (u n (κ,R)) and imagecharge (u n im (κ,R)) electrostatic interactions defined below. 18 The direct interaction energy [the energy of fixed charges and bound (condensed) counterions on a molecule in the electric field created by its nearest neighbor molecule] is defined by
Here a is the DNA radius, l B is the Bjerrum length (≈7 Å at room temperature), 1/l c is the linear density of the fixed charged groups on the molecular surface (l c ≈ 1.7 Å for B-DNA), n are normalized helical moments of the surface charge density, 18 K n (x) are the modified Bessel functions of the second kind (sometimes referred to as Macdonald functions), K n ′(x) ≡ dK n (x)/ dx, and
The image-charge energy [the energy of the water-impermeable dielectric core of a molecule in the electric field created by its nearest neighbor molecule 21 ] is defined by where is the Ω function introduced in refs 21 and 23. I n (y) and I n ′(y) are the modified Bessel functions of the first kind and their derivatives with respect to the argument, respectively. The helical moments n of the surface charge density may be determined from experiments, computer simulations, or theoretical modeling using the recipe discussed in ref 18 . For the purpose of the present work, however, we use a simpler empirical model that allows us to avoid a priori assumptions about counterion-DNA interactions. 54 Specifically, we assume that n may be approximated with 18 where θ, f 1 , and f 2 are empirical parameters, θ is the fraction of the fixed DNA charge neutralized by condensed/adsorbed counterions, f 1 and f 2 are the fractions of counterions localized in the minor and major grooves, respectively, 1 -f 1 -f 2 is the fraction of condensed counterions that are delocalized on the DNA surface, and φ s ≈ 0.4π is the azimuthal half-width of the narrow groove of DNA. This model for n , which is based on experimental studies of counterion binding, implies weaker interactions of condensed counterions with each other than with DNA bases and phosphates. 18 Localization of adsorbed counterions in the grooves of DNA (f 1 , f 2 ) is expected, e.g., for polyvalent biological counterions (spermine, spermidine, and basic polypeptides) as well as for some metal ions. 18 ,55 A significant delocalized fraction of counterions (1 -f 1 -f 2 ) may be a reasonable approximation for monovalent ions. Point-like multivalent counterions (3+ or higher) may exhibit significant counterioncounterion correlations not captured by eq 12, in which case a more complex model for n may be required. 18 Note that the pair interaction potential (per unit length) between uniformly charged cylinders is nothing more than the zero-harmonic direct interaction and image terms:
It depends only on the distance between the molecules and the effective screening length in the aggregate. In contrast, the amplitude and even the sign of the pair interaction potential between helices depends also on their mutual azimuthal alignment ∆Φ.
NonadditiWe Electrostatic Interactions. Because DNA is highly charged, the interstitial electrostatic potential s (at the surface of the Wigner-Seitz cell) in a DNA aggregate may exceed k B T/e, where e is the elementary charge. At such potentials intermolecular interactions may become nonadditive, resulting in an additional contribution of E / EL to the electrostatic interaction energy. A large interstitial potential within the aggregate also increases the concentration of free electrolyte ions inside the aggregate compared to in the bulk. This effect may be accounted for by linearizing the Poisson-Boltzmann equation at |q i e( -s )| , k B T rather than at |q i e | , k B T. This results in a renormalization of the inverse screening length κ (see refs 18 and 52). To a first approximation, E / EL and κ depend only on the average aggregate density and average surface charge density on each molecule but not on the helical arrangement of surface charges or small distortions. Therefore, to calculate E / EL and κ, we use a modification of the cell model for uniformly charged cylinders. 52 Within this model, κ and s are calculated as the roots of the following system of equations:
2 ) (7) II.5. Thermal Fluctuations. We assume that thermal fluctuations in r µ , h µ , and Ω µ of an individual molecule may be decoupled from intrinsic structural fluctuations associated with sequence-related variations in the base pair step parameters. 56 In an aggregate, the intrinsic and thermal fluctuations become coupled through intermolecular interactions. 34 To account for this coupling in both twisting and stretching fluctuations, we utilize the variational approximation described in the Supporting Information. We neglect the intrinsic bending of DNA, since the intrinsic persistence length of DNA is estimated to be much larger than the thermal one (see the end of section II.1). 57 We also neglect potential variations in local elastic constants associated with intrinsic distortions. This model is based on the Gibbs-Bogoliubov inequality, 59, 63 which states that F DNA defined by eqs 20 and 21 is larger or equal to the true free energy of the system at any R and .
Statistical averaging based on Z eff with the values of R and that minimize F DNA may also be used for calculating all pertinent correlation functions and averages. The corresponding calculations are provided in the Supporting Information. II.6. Intermolecular Interactions and Osmotic Pressure. We characterize interactions between molecules in a DNA aggregate by calculating the osmotic pressure Π dependence on the interaxial distance R, which has been measured in a number of experimental studies. [64] [65] [66] In a hexagonal aggregate where V w is the volume of the solvent inside the aggregate. Important subtleties of the model, which require utilization of ∂F DNA /∂R 0 rather than dF DNA /dR 0 in this equation, 49 are discussed in the Supporting Information.
III. Results
III.1. Undulations. Because of the complexity of DNA structure, many different degrees of freedom contribute to sequence-related (intrinsic) and thermal fluctuations of the DNA conformation. 29 However, only double helix bending and helical pitch variations, which distort the DNA centerline and result in accumulating distortions away from the ideal helical conformation, are important for intermolecular interactions.
We describe bending of each molecule ν in a hexagonal aggregate by the lateral displacement r ν (z) of its centerline from 2l B (1 -θ) l c κa
the vertical position (Figure 1a ). In the simplest approximation of uncorrelated undulations, we find 51
Here d is the root-mean-square (rms) undulation amplitude (this can be seen by taking |z -z′| f ∞), 38, 67 and is the undulation correlation length (or deflection length 68 ). In eqs 23 and 24, we neglected the contribution of intrinsic bending and lateral displacements since the corresponding persistence length was estimated 32, 45 to be much larger than l p b . Figure 2 illustrates the dependence of d on the interaxial spacing between the molecules. At θ ) 0.4, the undulations of each molecule are confined primarily by the net-charge electrostatic repulsion from its neighbors, and the dependence of d on the average interaxial separation R 0 between neighboring molecules is close to that expected for homogeneously charged cylinders. 51 However, when a larger fraction of the bare DNA charge is compensated by bound counterions, the interaction of the discrete phosphate and counterion charges with the dielectric cores of surrounding molecules 18, 21 along with steric collisions between the molecules 51 become the primary limiting factors for the undulation amplitude. A self-consistent model for the calculation of d that accounts for these interactions is described in the Supporting Information (eqs S.43-S.49). Note that the decrease in the net charge of DNA (e.g., from 30% of the bare charge at θ ) 0.7 to 10% of the bare charge at θ ) 0.9) has a relatively minor effect on d at large θ, because the image-charge repulsion between charged helices is nearly independent of θ for molecules in this range of net charges. Even when longer-range interactions become attractive at θ g 0.9, d remains nearly the same because the short-range repulsion prevents the molecules from coming too close to each other (Figure 2c; f 1 ) 0.1, f 2 ) 0.9) .
III.2. Helical Pitch Fluctuations and Molecular Alignment: Phase Transitions. Interactions between DNA molecules depend not only on the interaxial separation but also on the mutual alignment of strands and grooves of nearest neighbor molecules in the aggregate. 18 The latter, azimuthal alignment may be defined through the helical phase Φ(z) of each molecule (see eqs 2 and 3 and Figure 1c ). Intrinsic and thermal fluctuations in the helical pitch hinder energetically favorable alignment by altering the helical phase, thereby affecting interactions between neighbors in an aggregate. Conversely, intermolecular interactions affect the helical structure and pitch fluctuations in DNA. As a result, DNA molecules adapt to intermolecular interactions, thereby balancing the interaction energy with the cost of altering the helical pitch fluctuations. We refer to this effect as the structural adaptation of DNA and characterize it by the structural adaptation length 33 λ h and its renormalized value λ h * ≈ 0.65λ h (see eq 30). The renormalized structural adaptation length in undulating DNA may be calculated from eqs S.43-S.49 derived in the Supporting Information. It defines correlations in helical phase fluctuations along each molecule and the length scale at which the interactions restore the helical coherence of DNA (section III.3).
Before we proceed to a more detailed analysis of structural adaptation, in this section we qualitatively describe phases with different mutual alignments of the molecules in the aggregate. The possibility of the existence of several phases with different alignments and helical phase fluctuations in DNA assemblies was first noted in ref 21 and later analyzed for straight helices without 33 and with 34, 35 thermal torsional fluctuations. In the present study, we incorporate undulations and stretching of DNA (see the Supporting Information). The present study reveals at least three phases at different average interaxial spacings R 0 , distinguished by correlations between average helical phases of the nearest neighbor molecules (Φ j µ ) and by the extent of structural adaptation (λ h *), Figure 3 . At R 0 > R c , intermolecular interactions are too weak for suppressing the amplitude of helical phase fluctuations and λ h * is infinite (no structural adaptation), resulting in a phase with no long-range order (i.e., 〈cos(Φ µ -Φ ν )〉 ) 0, Figure 3c) ; we refer to this alignment and phase state of the aggregate as "random". At R 0 < R c , structural adaptation becomes energetically favorable, λ h * is finite, and azimuthal orientations of the molecules are correlated over their entire length. Within each triangular elementary cell, the molecules may have different average helical phases, but they are periodically aligned within the lattice, Φ j µ ) Φ j (1) , Φ j (2) , Φ j (3) and as shown in Figure 3a ,b. At R * < R 0 < R c , the most favorable alignment is with Ψ p ) 0 (Figure 3b) ; we refer to this alignment 
and phase state as "ferro". At R 0 < R * , Ψ p * 0 and depends on R 0 ( Figure 3a) ; we refer to this alignment and phase state as "Potts". 69 Our theory presented in the Supporting Information suggests first-order transitions between these phases. The values of R c and R * , as well as the dependence of Ψ p on R 0 , in the Potts phase are calculated numerically by minimization of the free energy with respect to Ψ p and λ h *. Note that previously we focused on the analysis of only the ordered phases and did not address the transition to the random phase.
33,35,69,70 These studies did not account for undulations, and the corresponding predictions were expected to be less accurate at large R 0 , at which the latter transition would become relevant. Here we, nevertheless, account for this transition. At the same time, for simplicity, we do not discuss any additional ordered phases that may exist within a narrow region near R 0 ) R * under some circumstances.
69,70 Also, note that the effects of both phase transitions on the undulation amplitude are weak, because the undulations are limited primarily by image-charge and steric repulsions at large θ and by the net-charge repulsion at small θ. None of these interactions depends on the mutual alignment of the molecules.
III.3. Helical Pitch Fluctuations and Molecular Alignment: Structural Adaptation.
In the random state, only shortrange axial correlations in helical phases of neighbor DNA molecules are possible. These correlations arise from the lower energy cost of correlated vs uncorrelated thermal fluctuations in the helical phase. However, the resulting effects are small and we assume that the helical phase of each molecule in such aggregates is unaffected by the neighbors. 71 Then the dependence of the helical phase displacement on |z -z′| is approximately the same as along the centerline of an isolated DNA molecule (eq 4), where λ c is the helical coherence length of DNA, 
λ c (0) ≈ 150 Å is the intrinsic helical coherence length, 43 and the helical persistence length l p h is given by eq 19. In the absence of structural adaptation, small undulations have a negligible effect on the helical coherence of DNA; see the Supporting Information, eqs S.64-S.78. The unlimited accumulation of helical phase displacements at large |z -z′| prevents mutual alignment of neighboring molecules.
In the ferro and Potts states, structural adaptation of DNA limits accumulation of the helical phase displacement as described by the following equation (Supporting Information) At |z -z′| , λ h , the structural adaptation is negligible and the helical phase displacement may be approximated with eq 26. At distances comparable to the structural adaptation length (|z -z′| ∼ λ h ), the adaptation becomes significant, limiting accumulation of distortions in the helical phase. At |z -z′| . given in sections II.3 and II.5, respectively, λ h * ≈ 0.65λ h . Thus, the structural adaptation establishes long-range order in the helical phase without affecting short-range fluctuations. Stronger structural adaptation (smaller λ h and λ h *) reduces the deviations of DNA geometry from that of an ideal helix.
Because structural adaptation of DNA depends on the strength of the interactions among neighboring molecules, λ h and λ h * depend on θ and R. This dependence is illustrated in Figure 4 . The jumps in each curve are due to the phase transitions discussed in section III.2. Counterintuitively, undulations reduce disruptions of the helical coherence of DNA below the transition and at large distances (R > 37-38 Å); i.e., they push DNA conformation toward that of more ideal helices rather than the other way around. We return to a more detailed discussion of this effect in the next section. At intermediate R, the effect is more complex due to azimuthal frustrations discussed in refs 18, 34, 35, and 70.
III.4. Osmotic Pressure. Effects of intrinsic and thermal fluctuations on intermolecular interactions may be understood by analyzing the aggregate osmotic pressure, which may be represented as a sum of five principal components, Each component of the osmotic pressure is calculated from eq 22 as a derivative of the corresponding component of the free energy (eqs 5-21) as described in the Supporting Information (eqs S.38-S.57). The first three components are the same as for wormlike chains with uniform surface charge densities.
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The last two components are related to the helical patterning of discrete surface charges. Each component of the osmotic pressure may be approximated by the following expressions.
From eqs 17, 22 we find which is the osmotic pressure of free counterions that accumulate inside the aggregate due to nonzero interstitial potential s .
is the "steric" osmotic pressure associated with hard-core collisions between undulating molecules in the aggregate.
General expressions for Π cyl , Π helix im , and Π helix zip are fairly cumbersome, so that they are presented in the Supporting Information (eqs S.54-S.57). At small undulations (d , R 0 -2a), however, these components of the osmotic pressure may be approximated with the following simplified expressions: 
(33)
is the osmotic pressure associated with the electrostatic repulsion among undulating, uniformly charged wormlike chains; 51 is the osmotic pressure associated with image-charge interactions between helically organized surface charges and dielectric cores of nearest neighbor molecules;
is the osmotic pressure associated with electrostatic zipper attraction 23 between correlated (aligned in a zipper-like fashion) helical patterns of surface charges on neighboring molecules. The terms u n (κ,R 0 ) and u n im (κ,R 0 ) are defined by eqs 8 and 10, respectively, ∂/∂R 0 must be calculated at constant κ (see the Supporting Information), Ψ p defined by eq 25 characterizes the alignment of the molecules (Figure 3a,b) , and Note that Π cyl and Π helix im are always positive (repulsive) and Π helix zip is always negative (attractive). In the random phase state of the aggregate (Figure 3c ), Ψ p and σ(nΨ p ) are not defined, but in the latter case Π helix zip ) 0 (ref 71) and the osmotic pressure does not depend on Ψ p .
Relative contributions of these different components of the osmotic pressure depend on specific conditions ( Figure 5 ). For infinitely rigid and long, straight molecules, d ) 0 and Π und st ) Π und cyl ) 0. For DNA, Π und st is generally small and can be neglected, but all other components are important in at least some cases. In particular, Π ion + Π cyl , associated with the net charge of DNA, is dominant at small θ, which appears to be the case, e.g., in NaCl solutions (see Figure 7a) . Π helix im and Π helix zip , associated with the helical structure of DNA, are dominant at large θ, which appears to be the case in the presence of counterions that tend to condense DNA (see Figure 7b) .
It is clear from eqs 34-36 that undulations enhance all components of intermolecular interactions by effectively bringing the molecules closer together. This enhancement, illustrated in Figure 6 , is particularly strong for shorter-range image charge (Π helix im ) and zipper (Π helix zip ) interactions, resulting in stronger structural adaptation and a more ideal helical structure of DNA than in the absence of undulations.
IV. Comparison with Experiments
Predictions for the osmotic pressure of DNA aggregates are compared with the corresponding experimental measurements in Figure 7 . The osmotic pressures measured at different concentrations of NaCl represent a larger group of experimental data for monovalent counterions. 15, 25, 64, 65 As shown in Figure  7a , these data are fit well by our theory assuming a ) 11.2 Å and θ ) 0.45. To reduce the number of adjustable parameters, we assumed random binding of Na + on the DNA surface (f 1 ) f 2 ) 0, eq 12).
33,72 For the same reason, we also neglected the potential dependence of θ on R 0 since this dependence and its effect on the osmotic pressure are expected to be weak in the relevant range of R 0 (in which R 0 is larger than the effective screening length inside the aggregates).
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Importantly, the fitted value of a is consistent with the expected effective radius of B-DNA (10 ( 2.5 Å), since the centers of phosphate groups lie at ∼10 Å from the molecular axis and the effective diameter of the phosphate group is 73 5-6 Å. The fitted θ is also consistent with the values expected from theoretical models of counterion condensation on DNA at 0.15-0.5 M NaCl concentrations.
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Osmotic pressures measured at small concentrations of polyamines are also well described by our theory at the same value of a ) 11.2 Å (Figure 7b ). Polyamines tend to condense DNA and may play an important role as biological counterions.
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They are known to bind to DNA much stronger than Na + and have a strong preference for binding in the major groove of DNA. 74 As in the case of NaCl, we assumed θ, f 1 , and f 2 to be (Figures 3 and 4) . The attractive component (Π helix zip , red line) is shown with the opposite sign. In (a), the line for Π helix zip ends at R 0 ≈ 38 Å due to the transition to the random state, in which Π helix zip ) 0.
independent of R 0 , consistent with strong chemisorption of these ions. This assumption is additionally justified by the experimental observation that the osmotic pressure curves remain the same over a wide range of polyamine concentrations, 75 indicating full saturation of the binding sites in the whole range of R 0 .
The fitted values of θ, f 1 , and f 2 are in complete agreement with all of these expectations. Na + -DNA and polyamine-DNA aggregates demonstrate two qualitatively different types of osmotic pressure curves, both of which are described by the same theory simply by accounting for expected differences in counterion binding. We are aware of only two other sets of osmotic pressure curve measurements that exhibit qualitatively different behavior from Na + -DNA and polyamine-DNA aggregates. In Mn 2+ -DNA and Co(NH 3 ) 6
3+
-DNA aggregates, 65 packing phase transitions were observed with changes in the counterion concentration and temperature. However, because of the strong dependence of the osmotic pressures on the counterion concentration, the fitting of the latter data with θ, f 1 , and f 2 independent of R 0 would be unjustified. Therefore, we will consider these more complex cases in a separate publication.
Note that a fraction of experimental data for osmotic stress isotherms is obtained for low aggregate densities at which the structure of the aggregate corresponds to a cholesteric, rather than a columnar, phase. For instance, polyamine-DNA aggregates remain in the hexagonal state over the entire range of R 0 shown in Figure 7b , 75 but Na + -DNA aggregates exhibit a transition from the hexagonal phase at R 0 < 30-35 Å to a cholesteric phase at larger R 0 .
76 Because our theory has been designed for the hexagonal phase, its application to the cholesteric phase is speculative and should be viewed with caution. Nevertheless, the following arguments suggest that such an extrapolation of the osmotic pressure isotherms may not be unreasonable.
Empirically, the measured osmotic pressure isotherms follow the same dependence on the interaxial spacing between nearest neighbors (R 0 ) before and after the expected hexagonal-tocholesteric transition at R 0 ) 30-35 Å (Figure 7a ). Fundamentally, local packing and local interactions of nearest neighbors in the cholesteric phase may be expected to be similar to those in the hexagonal phase when neighbor molecules may be approximated as parallel and positionally confined at the length scale ∼λ B . Beyond λ B , fluctuations in the interaxial distance are uncorrelated and the molecules may be considered as independent segments of this length. In other words, we expect the hexagonal phase formulas to describe osmotic pressures in the cholesteric phase as long as 2πλ B /P , 1, where P is the cholesteric pitch. For instance, within the region of R 0 shown in Figure 7a , we expect P (∼1-20 µm)
76 to be at least 2 orders of magnitude larger than λ B (<100 Å, eq 24), consistent with the continuity of the osmotic pressure isotherms across the expected hexagonal-to-cholesteric transition.
V. Discussion
The two most important conclusions that follow from the results of this study are as follows:
(i) The double helix structure, flexibility, and fluctuations are all important factors in determining mean electrostatic interactions within DNA aggregates. None of these factors can be neglected a priori.
(ii) Electrostatic interactions quantitatively account for the measured osmotic pressures in DNA aggregates not only at large 25, 65 , and 66 were kindly provided by Rau. Best fits of the NaCl data were achieved at a ) 11.2 Å and θ ) 0.45, assuming random counterion binding (f 1 ) f 2 ) 0); the quality of the fits was not significantly affected by varying f 1 and f 2 . Using the same a and assuming that polyamines preferentially bind in DNA grooves (f 1 + f 2 ) 1), best fits of the polyamine data were achieved at θ ) 0.65, f 1 ) 0.2, f 2 ) 0.8 (putrescine); θ ) 0.94, f 1 ) 0.2, f 2 ) 0.8 (spermidine); and θ ) 0.91, f 1 ) 0.08, f 2 ) 0.92 (spermine). Preferential binding in the major groove deduced from the fits is consistent with experimental binding studies. 74 The values of λ D and κ were calculated from eq 18 on the basis of the actual electrolyte concentrations used in the experiments.
but also at small interaxial separations, once the helical structure, flexibility, and fluctuations are taken into account.
The relative contributions of the helical structure, flexibility, and different fluctuation modes depend on the aggregate density, the ionic strength, the composition of electrolyte solution, etc. The quantitative description of the interplay between these factors is fairly complex, but the physics underlying this interplay is straightforward.
Structural Adaptation of DNA Suppresses Twisting and Stretching Fluctuations. Electrostatic interactions between DNA molecules confined in a hexagonal aggregate favor zipperlike alignment and juxtaposition of negatively charged phosphate strands and positively charged grooves on neighboring molecules (Figure 1c) . The ability of DNA molecules to establish and maintain this alignment is determined by two competing tendencies. Intrinsic (sequence-dependent) and thermal twisting and stretching fluctuations may disrupt the alignment. Structural adaptation to a more ideal helical conformation, which yields a more favorable electrostatic interaction energy, may restore the alignment. The structural fluctuations and adaptation are two manifestations of DNA flexibility, which must always be considered together. In this study, we have found that the electrostatic benefit from the structural adaptation generally exceeds the elastic and entropic costs of suppressing the twisting and stretching fluctuations at surface-to-surface separations below 20-25 Å (Figures 3 and 4) . Consistently, an alignment of phosphate strands on neighboring molecules was observed experimentally in hydrated fibers up to a 20-25 Å surface separation 77 and in DNA packed inside viral capsids. e 5 Å, which is restricted by the helical pitch of DNA 18, 33 (2π/g j). The reason this interaction may suppress the twisting and stretching fluctuations, even at surface separation as large as 20 Å despite the e5 Å decay length, is that it is enhanced by thermal undulations of DNA. Indeed, undulations have a dual effect. First, they tilt the molecules, disrupting the zipper alignment. Statistical mechanical calculations have shown here that this effect should be negligible because of the sufficiently large bending rigidity of DNA. Second, undulations reduce the distance of the closest approach between the molecules. Stronger electrostatic forces at smaller intermolecular separations cause stronger structural adaptation of DNA. Therefore, somewhat counterintuitively, undulations help to suppress both twisting and stretching fluctuations, pushing DNA toward a more ideal helical geometry.
Undulations Enhance the Effect of Helical Structure on DNA Interactions. Enhancement of electrostatic forces by DNA undulations was discussed previously within the homogeneously charged cylinder model. 38 Crudely, the enhancement results from averaging the exponential electrostatic force (proportional to exp[(x -x′)/λ]) with the Gaussian probability of the undulations x and x′ of neighboring molecules in their interaxial direction (proportional to exp[-(x 2 + x′ 2 )/d 2 ]); d is the rms undulation amplitude and λ is the characteristic decay length of the interaction. This leads to an enhancement factor of approximately exp(d 2 /2λ 2 ), which is larger for interactions with shorter decay lengths (see eqs 34-36 and more accurate expressions in the Supporting Information).
Because forces associated with the helical organization of charges on the DNA surface have shorter decay lengths, undulations significantly increase their relative contribution to the net interaction. To illustrate this effect, consider a DNA aggregate in physiological saline solution, in which the surfaces of neighboring DNA molecules are separated by 15-20 Å of water. In such an aggregate, the expected amplitude of DNA undulations is d ≈ 4-6 Å (Figure 2) . The three components of electrostatic interactions at this separation are (i) the repulsion associated with the net charge of the helices, which decays with the characteristic length 6-7 Å, (ii) the electrostatic zipper attraction associated with the juxtaposition of negatively charged phosphate strands and positively charged grooves, which decays with the characteristic length ≈4 Å, and (iii) the image-charge repulsion of helically distributed surface charges from the dielectric cores of neighboring molecules, which decays with the characteristic length 18 ≈2 Å. Using the enhacement factor exp (d   2   /2λ 2 ), we find that undulations will enhance the net-charge repulsion ∼20-60%, the electrostatic zipper attraction ∼60-200%, and the image-charge repulsion ∼10-90 times, consistent with the more accurate calculations shown in Figure 6 . This enhancement makes the short-range forces relevant even at 15-20 Å surface-to-surface separation.
Undulation-Enhanced Electrostatics Explains the Observed Osmotic Pressure Isotherms. Previous studies showed good agreement between forces calculated for homogeneously charged, undulating cylinders and osmotic pressure isotherms measured for DNA aggregates in NaCl solutions at surface separations larger than ∼20 Å. 15 At the same time, the osmotic pressure isotherms at smaller separations or in aggregates condensed by some divalent and polyvalent counterions could not be explained within the same model, raising a question about the origin of the underlying forces. 65, 66 We proposed that these isotherms may result from the effects of the double helical structure of DNA on the electrostatic forces between DNA. 18, 21, 33 The earlier, simplified model of these structure-dependent forces rationalized a number of their observed features, including the exponential decay lengths of measured osmotic pressure isotherms. 18 However, with the development of the theory it became clear that a more detailed quantitative comparison with experiments requires a more careful analysis of the effects of various intrinsic and thermal fluctuations in the double helix structure.
After accounting for these fluctuations in the present study, we found that undulation-enhanced, structure-dependent electrostatic forces may explain the measured osmotic pressure isotherms not only qualitatively but also quantitatively ( Figure  7) . The difference between the osmotic pressure isotherms of DNA aggregates in NaCl and in the presence of polyvalent counterions appears to be associated with stronger binding and preferential localization of the latter in DNA grooves, 22 as we hypothesized on the basis of the earlier model. 23 This binding reduces the net-charge repulsion and increases the electrostatic zipper attraction. As a result, the balance of the forces changes from predominantly net-charge and uniform cylinder imagecharge repulsions in NaCl to predominantly electrostatic zipper attraction and helix specific image-charge repulsion in counterion-condensed DNA aggregates.
Overall, the simplified theory reviewed in ref 18 captures many qualitative features of DNA-DNA interactions. Accounting for additional degrees of freedom, and the corresponding thermal fluctuations, largely changes the quantitative predictions (Figure 6 ), improving the agreement with the data (Figure 7 ). The present, more comprehensive analysis, however, has yielded one nontrivial qualitative prediction that image repulsion cannot be neglected compared to the zipper attraction at any interaxial separation ( Figure 5 ). This was not expected in the earlier theory, which predicted a 2 times shorter characteristic decay length
